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In this paper, based on the thin-shell formalism, we introduce a classical model for particles in
the framework of n+1−dimensional
[
n
2
]
-order pure Lovelock gravity. In particular, we construct a
spherically symmetric particle of radius a whose inside is a flat Minkowski spacetime while its outside
is charged pLG solution. Knowing that in n+1−dimensional spherically symmetric Einstein gravity
(R-gravity) such a particle model cannot be constructed, as we have discussed first, provides the
main motivation for this study. In fact, it is the richness of Lovelock parameters that provides such
a particle construction possible. On the thin-shell, the energy-momentum components are chosen
to vanish, yet their normal derivatives are non-zero.
I. INTRODUCTION
Historically, serious attempts for constructing a geometrical framework within which a particle model can be defined
and studied initiated in 1960s and 1970s [1, 2]. However, there was no outstanding achievements mainly because, at
the time, the thin-shell formalism was only developed for Einstein’s general relativity whose solutions were too limited
for such a construction. Nowadays, thin-shell formalism is accessible for many modified theories of gravity such as
f (R) and Lovelock gravities [3, 4]. Accordingly, there has been new attempts to construct such particle models in
modified theories of gravity [5–7]. The success of these recent studies motivated us to investigate the likelihood of
such models in a rather interesting theory of gravity, namely the pure Lovelock gravity (pLG). This terminology was
used for the first time by Kastor and Mann [8] and has been developed by Cai, et al. [9, 10], Dadhich, et al. [11–21]
and others [22–26]. The interesting fact about pLG is that it admits non-degenerate vacua in even dimensions and
unique non-degenerate dS and AdS vacua in odd dimensions [9]. Moreover, the corresponding black hole solutions
are asymptotically indistinguishable from the ones in Einstein gravity [18]. This similar asymptotic behavior of two
theories seems to extend also to the level of the dynamics and a number of physical degrees of freedom in the bulk
[15]. We recall from the original Lovelock theory that the action of the n+1−dimensional [n2 ]-order Lovelock gravity
is given by [27]
ILG =
∫
dn+1x
√−g

 [
n
2 ]∑
i=0
αiLi + Lmatter

 (1)
in which
[
n
2
]
stands for the integral part of the n2 , αi are the i
th−order Lovelock parameters, and the Euler densities
of a 2i-dimensional manifold are given by
Li = 1
2i
δα1β1...αiβiµ1ν1...µiνi
i∏
s=1
Rµiνi αiβi , (2)
where the generalized Kronecker delta δ is defined as the antisymmetric product
δα1β1...αiβiµ1ν1...µiνi = i!δ
α1
[µ1
δβ1ν1 ...δ
αn
µn δ
βn
νn]
. (3)
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2On the other hand, in pLG the action is expressed as
IpLG =
∫
dn+1x
√−g (α0 + αpLp + Lmatter) (4)
in which α0 represents the cosmological constant and 1 ≤ p ≤
[
n
2
]
. For instance, the Einstein R-gravity has p = 1,
α1 = 1 and L1 = R which is the particular case of the pLG applicable in all dimensions. For p = 2, one finds the
pure Gauss-Bonnet (pGB) gravity applicable in n + 1 ≥ 5. Finally, in this paper, p = 3 represents pure third order
Lovelock gravity (pTOLG) which is valid for n + 1 ≥ 7. Herein, we give a general formalism in the three different
pure Lovelock theories mentioned above, i.e., the pure Einstein’s gravity, pGB and pTOLG. It will be shown that
in specific cases where the inner and outer spacetimes of the chosen thin-shell boundary admit identical Lovelock
parameters i.e., α+p = α
−
p , the junction conditions result the same in terms of the metric functions and their first
derivatives, irrespective of the order of the Lovelock term. These junction conditions are simply the continuity of the
bulk’s metric function and its first derivatives across the thin-shell which is the surface of the particle. These are the
continuity of the first and second fundamental forms of the surface.
In the next section (Sec. II), we separately study our particle model for three different orders of pLG. These
studies are followed by our conclusion brought in the last section (Sec. III). All over the manuscript, we use the unit
convention 4πǫ0(n+1) = 8πG(n+1) = ~ = c = 1.
II. PARTICLE MODEL IN PURE LOVELOCK GRAVITY
A. Pure Einstein gravity
Our spherically symmetric line elements for the exterior and interior of the particle are chosen to be
ds2 = −f± (r) dt2 + f−1± (r) dr2 + r2
(
dθ2 + sin2 θdφ2
)
, (5)
and in this section we construct an n+1-dimensional chargeless particle model in pure Einstein R-gravity. We assume
a static timelike spherical shell of radius r = a such that its exterior and interior metric functions are f+ (r+) and
f− (r−) , respectively (See Appendix A for a summary on the thin-shell formalism). The standard Israel junction
conditions [28, 29] imply that the energy density σ and the tangential pressure p of the shell are given by [30]
σ = −n− 1
a
(√
f+ −
√
f−
)
(6)
and
p =
1
2
(
f ′+√
f+
− f
′
−√
f−
)
− n− 2
n− 1σ, (7)
respectively. Herein, a is the radius of the surface of the particle and a prime (′) stands for a total derivative with
respect to the radial coordinates. Also, all the metric functions and their respective derivatives are evaluated at a.
For a particle, one expects σ = 0 and p = 0 simultaneously [2, 5] which result in the bulk’s metric function and its
first derivative to be continuous across the surface of the particle, i.e. (f+ = f−)Σ and
(
f ′+ = f
′
−
)
Σ
. In other words,
continuity of the first and second fundamental forms across the thin-shell correspond to having the metric function
and its first derivative continuous on the surface of the particle. Let us comment that σ = 0 = p is not trivially
satisfied on the shell. We may yet have the higher and normal derivatives of σ and p non-zero which amount to the
existence of shell matter. Further, any perturbation of the shell will distort the equilibrium condition of stress-energy,
so that we shall have σ 6= 0 6= p after the perturbation. Hence, we are very much restricted in choosing the spacetimes
inside and outside of the particle. For instance, a Minkowski inner flat and an outer Schwarzschild spacetimes do not
satisfy the two conditions. Also, an inner Minkowski flat and an outer Reissner-Nordstro¨m (RN) can not be matched,
whereas a cloud of strings of the form [31]
f− = 1− 2µ
(n− 1) rn−3 (8)
can be matched to the RN spacetime with the metric function
f+ = 1− 2m
rn−2
+
q2
r2(n−2)
. (9)
3Herein, µ is an integration constant associated with the cloud of strings, m is a mass parameter (proportional to the
physical mass) and q is the charge parameter (proportional to the physical total charge). Applying (f+ = f−)Σ and(
f ′+ = f
′
−
)
Σ
yields
m
q2
=
n− 1
2an−2
, (10)
and
µ
q2
=
(n− 1) (n− 2)
2an−1
. (11)
Specifically, in 4-dimensional spacetime (n = 3) one finds a = q
2
m and µ =
(
m
q
)2
. Furthermore, in 4-dimensional
spacetime the Newton’s potential inside the shell becomes a constant, i.e. f− = 1 + 2Φ− = 1 − µ, which leads to
Φ− = −µ2 . In addition, the exterior potential of the particle is given by f+ = 1 + 2Φ+ = 1 − 2mr + q
2
r2 , or explicitly
Φ+ = −mr + q
2
2r2 . On the surface, we trivially have Φ− = Φ+ = −µ2 , which is in agreement with our understanding
of Newtonian potential inside and outside a spherical shell in classical mechanics. We should admit, however, that
although the constant Newtonian potential seems a better choice than a flat Minkowski for the particle’s interior,
such a spacetime is singular due to the singular nature of the energy-momentum tensor of the string cloud
T νµ = diag
( µ
r2
,
µ
r2
, 0, 0
)
. (12)
In higher-dimensional particle models without singularity at the center, one may think of a(n) (Anti-)de Sitter space-
time with the cosmological constant Λ = ±n(n−1)2ℓ2 as the interior of the particle in the form
f− = 1− r
2
ℓ2
, (13)
and an RN spacetime as the exterior of the particle, given in Eq. (9). Upon matching the two metrics, we obtain
m
q2
=
n− 1
nan−2
, (14)
and
q2ℓ2 =
n
(n− 2)a
2(n−1). (15)
Again in the specific 4-dimensional case (n = 3), we find a = 23
(
q2
m
)
and ℓ2 = 1627
q6
m4 . By reversing these expressions,
we obtain the mass and the charge of a particle in terms of the geometric parameters of the theory. We must add
that, in all cases the particle’s radius a should be grater than the radius of the event horizon of the exterior metric
and smaller than the possible cosmological horizon of the interior metric. These are necessary to avoid any horizon
or singularity inside or outside of the particle. For instance, again in four dimensions, in order to avoid any horizon
within outer spacetime one has to assume a > 23q.
As the final example for this section, let us consider a global monopole for the interior spacetime with the metric
function
f− = 1− 2η (16)
in an arbitrary dimension, and f+ given by Eq. (9) for the exterior spacetime. The junction conditions impose
(f+ = f−)Σ and
(
f ′+ = f
′
−
)
Σ
which in turn reveal the radius as
a =
(
q2
m
) 1
n−2
. (17)
Note that, the energy-momentum tensor of the global monopole spacetime which is given by
T µν = −
η
r2
(n− 2) diag

n− 1, n− 1, n− 3, ..., n− 3︸ ︷︷ ︸
n−1 times

 , (18)
implies that the spacetime is singular at r = 0. In 3 + 1-dimensions, however, the spacetime reduces to the cloud
of strings of the previous example with ρ = −pr = η/r2, and pθ = pφ = 0. In higher dimensions, if one desires to
keep the potential within the interior spacetime to be constant, the only candidate spacetime is the global monopole.
Unfortunately, such a spacetime admits undesirable singularity at r = 0.
4B. Pure Gauss-Bonnet gravity
In [9], the pLG with cosmological constant has been investigated. In pGB gravity, the action amounts to
IpGB =
∫
dxn+1
√−g (α0 + α2LGB) , n ≥ 4 (19)
in which α0 is the cosmological constant, α2 is the GB free parameter and
LGB = RκλµνRκλµν − 4RµνRµν +R2 (20)
is the GB Lagrangian. In [9], a spherically symmetric solution with the line element
ds2 = −f (r) dt2 + 1
f (r)
dr2 + r2dΩ2n−1 (21)
is considered such that the metric function is
f (r) = 1± r
2
√
α˜2
√
2M
(n− 1)Σn−1rn +
1
ℓ2
. (22)
Here, M is the mass of the solution, Σn−1 = 2π
n/2
Γ(n2 )
is the volume of (n− 1)-sphere [26], α˜2 is given by
α˜2 = (n− 2) (n− 3)α2, (23)
and
1
ℓ2
= − α0
n (n− 1) (24)
is related to the cosmological constant α0. In particular, for n+ 1 = 7 one finds
f (r) = 1± r
2
√
α˜2
√
2M
5π3r6
+
1
ℓ2
, (25)
in which the parameters, upon choosing the (+) sign, are connected with 1ℓ2 = −α030 and α˜2 = 12α2. Note that an
interesting property of the 7-dimensional pGB theory without cosmological constant is that its potential, from Eq.
(25), gives the same fall-off as in the 4−dimensional Einstein gravity [12] i.e.,
Φ ≃ ±m
r
(26)
where m = 1
2
√
α˜2
√
2M
5π3 .
Next, let us consider a particle of radius a whose inner and outer spacetimes are solutions in pGB. The generalized
Israel junction condition must be applied at the surface of the particle where the two incomplete spacetimes are glued.
Based on the generalized Israel junction conditions [4], without assuming dt+dτ =
dt−
dτ , one simply finds the induced
metric on the shell to be given by
ds2 = −dτ2 + a2dΩ2n−1, (27)
where a = a (τ) is a function of the proper time on the shell. The surface energy-momentum tensor Sab =
−σ, p, ..., p︸ ︷︷ ︸
n− 1-times

 is expressed as [32]
− Sab = 2 [α2 (3Jab − Jδab )]+− (28)
in which Jab and J are defined as
Jab = diag
(
−2!
3
{
2∑
s=0
(−1)s
n
(
n
s
)[
sKττ + (n− s)Kθθ
] (
Kθθ
)s−1
(Kab )
5−s
})
(29)
5and
J = Jaa (30)
respectively. Here, Kττ and K
θ
θ = K
θ1
θ1
= Kθ2θ2 = ... = K
θn−1
θn−1
are the components of the extrinsic curvature tensor
associated with the time and angular coordinates of the timelike hyperplane (surface of the particle). An explicit
calculation reveals
σ =
2 (n− 1)
3a3
[
α˜2
√
f (f − 3)
]+
−
(31)
and
p = − 1
a2
[
α˜2 (f − 1) f ′√
f
]+
−
+
n− 4
n− 1σ. (32)
Having considered specific metric functions f±, and also α˜−2 and α˜
+
2 for the interior and exterior spacetimes, respec-
tively, the conditions σ = 0 and p = 0 yield
α˜+2
√
f+ (f+ − 3)− α˜−2
√
f− (f− − 3) = 0 (33)
and
α˜+2
√
f−f ′+ (f+ − 1)− α˜−2
√
f+f
′
− (f− − 1) = 0. (34)
For α˜+2 = α˜
−
2 , one may consider the trivial solution of Eq. (33) as (f+ = f−)Σ, and consequently, Eq. (34) yields(
f ′+ = f
′
−
)
Σ
. For α˜+2 6= α˜−2 Eq. (33) implies
α˜−2 =
√
f+ (f+ − 3)√
f− (f− − 3)
α˜+2 (35)
which upon inserting into Eq. (34) we obtain
(f− − 3) (f+ − 1) f−f ′+ + (f+ − 3) (f− − 1) f+f ′− = 0. (36)
This is the only constraint on the metric functions and their first derivatives to be satisfied on Σ. As an example, let
us consider f− = 1, and the positive branch of the solution in Eq. (22) as f+ .Note that upon choosing f− = 1, we
implicitely assumed α−0 = 0, whereas the outer cosmological constant is generally non-zero. This jump in cosmological
constant could be due to the fine structure of the particle and is mathematically allowed, as far as the junction
conditions are concerned. Multiple spherical branes with a position-dependent cosmological constant are studied in
[33]. Considering α˜+2 6= α˜−2 , from Eq. (36) and Eq. (35) we obtain
M =
2 (n− 1)Σn−1an
ℓ2 (n− 4) (37)
and
α˜−2 =
α˜+2
2
(2− λ2)
√
1 + λ2 (38)
in which
λ2 =
a2√
α˜+2
√
n
(n− 4) ℓ2 . (39)
To complete the argument, let us add that, in the case where α˜−2 = α˜
+
2 the junction conditions simply reduce to the
one in R−gravity, i.e., the continuity of the bulk’s metric function and its first derivative.
6C. Pure third-order Lovelock gravity
Similar to the previous section, in this section we shall give a particle model in pure TOLG. Following [9, 10], the
corresponding action is given by
IpTOLG =
∫
dxn+1
√−g (α0 + α3LTOLG) , n ≥ 6 (40)
in which α0 stands for the cosmological constant, α3 is the third order Lovelock free parameter and
LTOLG = 2RκλρσRρσµνRµνκλ + 8RµνκλRκσνρRλρµσ + 24RκλµνRµνλρRρκ
+ 3RRκλµνRκλµν + 24R
κλµνRµκRνλ + 16R
µνRνσR
σ
µ − 12RRµνRµν +R3 (41)
is the third order Lovelock Lagrangian. In [9], after supplementing the Lagrangian with a Maxwell term, an n +
1−dimensional static spherically symmetric solution with electric charge is found whose line element is given by Eq.
(22), with the metric function written as
f (r) = 1 +
r2
|α˜3|1/3
3
√
2M
(n− 1)Σn−1rn −
q2
r2(n−1)
+
1
ℓ2
. (42)
Herein, the integration constants M and q are the usual mass and electric charge parameters, ℓ2 > 0 represents the
cosmological length and α˜3 = − |α˜3| < 0. This solution contains two theory parameters i.e., α˜3 and ℓ2, and two
solution parameters which are the integration constants i.e., M and q.
Next, we consider a spherically symmetric particle that consists of inner and outer spacetimes as solutions of pure
TOLG, such as the one given in (42). The associated junction conditions extracted from [34–36] are expressed as [32]
− Sab = [3α3 (5P ab − Pδab + LGB (Kab +Kδab ))]+− , (43)
in which Sab ,and K
a
b are as before while K = K
a
a with
P ab = diag
(
4!
5
{
4∑
s=0
(−1)s
n
(
n
s
)[
sKττ + (n− s)Kθθ
] (
Kθθ
)s−1
(Kab )
5−s
})
(44)
and P = P aa . Within explicit calculations we obtain
σ = − (n− 1)
5a5
[
α˜3
√
f
(
3f2 − 10f + 15)]+
−
(45)
and
p =
3
2a4
[
α˜3 (1− f)2 f ′√
f
]+
−
− n− 6
n− 1σ. (46)
As of the boundary conditions on Σ, the surface of the particle, the first fundamental form hab and the second
fundamental form Kab (see Appendix A) should be continuous. Technically these are equivalent to σ = 0 and p = 0
simultaneously. Similar to the pure GB case, there are two distinct possibilities: i) α˜+3 = α˜
−
3 which might trivially
imply (f+ = f−)Σ and so
(
f ′+ = f
′
−
)
Σ
, and ii) α˜+3 6= α˜−3 which results in the following relation between α˜+3 and α˜−3
α˜−3 =
√
f+
(
3f2+ − 10f+ + 15
)√
f−
(
3f2− − 10f− + 15
) α˜+3 (47)
and a constraint condition on the metric functions
f+f
′
− (1− f−)2
(
3f2+ − 10f+ + 15
)− f−f ′+ (1− f+)2 (3f2− − 10f− + 15) = 0. (48)
Therefore, for α˜+3 6= α˜−3 , every considered solution for the inner and outer spacetimes must satisfy this condition on
Σ. Moreover with α˜+3 = α˜
−
3 the junction conditions reduce to the one in R−gravity and also in pure GB gravity with
α˜+2 = α˜
−
2 .
7As an example, since we are interested to construct a singularity free particle model, let us set f− = 1 (and
consequently f ′− = 0). The first condition, i.e. σ = 0, implies
α˜−3 =
α˜+3
8
√
f+
(
3f2+ − 10f+ + 15
)
. (49)
Considering the second condition, i.e. p = 0, we find
f ′+ (1− f+)2 = 0 (50)
which admits two possibilities, either f+ = 1 on the surface which consequently implies α˜
+
3 = α˜
−
3 or f
′
+ = 0. Upon
considering f+ to be the general charged solution given in (42) without the cosmological constant, the latter equation,
i.e., f ′+ = 0 admits the relation
M
q2
=
(n− 1) (n− 4)Σn−1
(n− 6) an−2 (51)
between the mass and the charge of the particle in terms of its radius and
α˜−3 =
α˜+3
8
√
1 + λ3
(
3λ23 − 4λ3 + 8
)
(52)
in which
λ3 = a
2
(
(n− 2) q2∣∣α˜+3 ∣∣ (n− 6) a2(n−1)
)1/3
. (53)
In 7−dimensional spacetime where n = 6, however, such a particle model fails to work and one needs to consider
additional theory parameters such as a cosmological constant. In short, having the third-order parameters involved in
this specific case, provides us a particle model with mass and charge which could not be made in R-gravity. This shows
the rich structure of the LG in any form in constructing particle models. Once more, we add that to avoid nonphysical
particle models, the spacetime of the particle including inside, on, and outside the shell have to be singularity- and
horizon-free. These are the additional conditions to be imposed on the radius of any physical particle.
III. CONCLUSION
We employed the cut and paste method to construct a classical particle model in n + 1−dimensional spherically
symmetric pLG. In general, for an n+1−dimensional particle model, when the Lovelock parameters of the outer and
inner spacetimes are identical, irrespective of the number of dimensions and the order of pLG, the junction conditions
reduce to the continuity of the metric function and its first derivative on the surface of the particle. As a result,
problem becomes trivial, meaning that there is no particle model to worry about. On the other hand, with different
Lovelock parameters the scenario changes dramatically such that depending on what order of Lovelock gravity is
considered one obtains two distinct conditions relating the metric functions as well as the Lovelock parameters. In
pGB and pTOLG gravities, we have explicitly found these relations. Although in n + 1−dimensional R−gravity a
particle model with flat inside and Schwarzschild or RN outside are not possible (for n = 3 see [5]), in both pGB
and pTOLG such a massive and charged model of particle become feasible. It is important to perceive that the
thin-shell formalism allows us to choose different Lovelock parameters (or even cosmological constants) for the inside
and outside of the particle as long as we are using the same gravity theory for the two sides. Eventually, the mass,
charge and radius of the constructed particle models are defined entirely from the geometrical parameters, which is
required from a geometrical theory.
At this point, It is also worth mentioning that within any theory that is studied here or elsewhere, there has to
exist a factor to distinguish the interior of the particle from its exterior. In this study, in particular, this factor has
been the Lovelock parameters (or the cosmological constant in some cases). However, to consider different particles
one must hold the exterior Lovelock parameter fixed, since for every particle the exterior is the same. Therefore,
it is indeed different interior parameters that may give rise to different particles. Nonetheless, we also admit that,
discontinuous Lovelock parameters is quite an exotic proposal since they are coupling constants which by default are
constant. This is in analogy with different gravitational constants G across a hypersurface, which actually has been
studied in [37].
8In this study, we considered only a very limited number of of solutions as for the interior and exterior spacetimes. For
example, in most cases we consider a flat Minkowski spacetime for the interior of the particle, whereas choosing rather
complicated solutions with a non-zero cosmological constant, mass or charge parameters could add more delicacy to
the theory. However, once more we note that one should avoid choosing spacetimes with horizons or singularities,
especially for the interior of the particle. A flat Minkowski spacetime not only simplifies the calculations, but is
a great choice since it does not suffer from such problems. Furthermore, the theory could be extended to higher-
orders. We predict that in higher orders, to have a non-trivial result, again the Lovelock parameters of the inside and
outside should be different. As another research option, one could investigate the likelihood of such constructions in
other modified theories of gravity for which the thin-shell formalism is already established; theories like f (R) gravity.
However, nothing could be more unprecedented than identifying two rotating solutions to construct a rotating particle
model. This latter, rather than mass, charge and dimensions of the particle, could justify the spin of the particle and
somehow include quantum effects.
IV. APPENDIX A: THIN-SHELL FORMALISM IN BRIEF (FOR n = 3)
We consider two manifolds M±separated by a thin-shell at their common boundary. The line element is globally
given by
ds2± = −f± (r±) dt2± + f−1± (r±) dr2± + r2±
(
dθ2± + sin
2 θ±dφ2±
)
, (54)
in which (+) refers to the outer and (−) to the inner regions. The hypersurface Σ : r − a (τ) = 0, defines the shell in
which τ refers to the proper time at the shell. The induced metric h±ij for M± with coordinates ξ is defined by
ds2± = ds
2
Σ = h
±
ijdξ
idξj , (55)
where h±ij = gαβ
∂xα±
∂ξi
∂xβ
±
∂ξj . Note that the indices are {α, β, · · · } = {t, r, θ, φ} for the bulks, and {i, j, · · · } = {τ, θ, φ} for
the thin-shell. In terms of the proper time we have
ds2±
∣∣
r=a
= ds2Σ = −dτ2 + a2 (τ)
(
dθ2 + sin2 θdφ2
)
, (56)
in which θ = θ±|r=a and φ = φ±|r=a. The normal unit vector to the shell is defined by
n±γ = ±
1√
∆±
∂Σ±
∂xγ
, (57)
where ∆± is the normalizing factor for the unit vector such that n±γ n
γ± = 1 for the timelike shell. Next, we define
the extrinsic curvature tensor (the second fundamental form) by
K±ij = −n±γ
(
∂2xγ±
∂ξi∂ξj
+ Γγ±αβ
∂xα±
∂ξi
∂xβ±
∂ξj
)
, (58)
where Γγ±αβ are the Christoffel symbols compatible with the bulk metrics. In general relativity, the Einstein equation
on the shell is described by
− Sij =
[
Kij −Kδij
]+
− , (59)
where K ≡ tr (Kij), and the square brackets denote a jump in the embraced quantity. Also, the surface stress tensor is
defined by Sij = (σ, pθ, pφ), where σ is the surface energy density and pθ = pφ = p are the angular pressures. Although
here we have briefly reviewed the formalism for n = 3, it easily could be extended to higher dimensions. Finally,
depending on which theory is adopted, the structure of Sij may be composed of rather complicated expressions. For
instance, Eqs. (28) and (43) represent the counterparts of Eq. (59) in pGB and pTOLG, respectively.
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